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MST-BASED CLUSTER ANALYSIS: A NEW ALGORITHM FOR
DETERMINING INCONSISTENT EDGES

ABSTRACT

In recent years, graph-based data clustering algorithms have become popular as they
perform connectivity-based rather than centroid-based partitioning. Methods related
to minimum spanning tree (MST)-based data clustering are types of graph-based
algorithms that can recognize arbitrary shapes of clusters by eliminating inconsistent
edges from MST graphs. In all MST-based data clustering algorithms, definition of
inconsistent edges is the main problem that needs to be addressed. The longest edges
in MST graphs are considered as inconsistent edges under ideal conditions.
Nevertheless, outliers often exist in real-world tasks, which makes the longest edges
inaccurate cluster separation indicators. In this study, we propose a new data clustering
algorithm using MST and a critical distance method. The proposed algorithm solves
the main issue of MST-based data clustering, namely identifying and removing
inconsistent edges to obtain clusters even in the event that the dataset contains some
outliers. It begins by constructing the MST over a given weighted graph based on
Euclidean distance and then splits up the graph into clusters by eliminating inconsistent
edges using critical distance as a threshold. Integration of the advantages of both MST
and critical distance methodology to obtain optimal clusters is the main contribution
of this work. The conducted experimental analysis and results using different datasets
prove that our proposed clustering algorithm yields better overall performance

compared with the most common data clustering algorithms.

Keywords: MST; Graph based clustering algorithm; Euclidean distance; Inconsistent

edges.



MST TABANLI KUME ANALIZi: TUTARSIZ KENARLARI BELIRLEMEK
ICIN YENI BIR ALGORITMA

(0V4
Son yillarda grafik tabanli veri kiimeleme algoritmalari, orta nokta tabanli bolimleme
yerine baglanti tabanli gerceklestirdikleri i¢in popiiler hale gelmektedir. Minimum
yayilma agaci (MST) tabanli veri kiimelemeyle ilgili yontemler, MST grafiklerinden
tutarsiz kenarlar1 ortadan kaldirarak rastgele kiimelerin sekillerini taniyabilen grafik
tabanli algoritma tiirleridir. Ttim MST tabanli veri kiimeleme algoritmalarinda, tutarsiz
kenarlarin tanimlanmasi, ele alinmasi gereken ana sorundur. MST grafiklerinde en
uzun kenarlar, ideal kosullar altinda tutarsiz kenarlar olarak kabul edilmektedir.
Bununla birlikte, aykir1 degerler gergek veri kiimelerinde genellikle bulunmakta ve bu
da en uzun kenarlari hatali kiime ayirma gostergeleri yapmaktadir. Bu ¢alismada, MST
ve kritikk mesafe yontemi kullanilarak yeni bir veri kiimeleme algoritmasi
onerilmektedir. Onerilen algoritma, MST tabanli veri kiimelemesinin ana sorununu,
yani veri kiimesinin bazi aykir1 degerler icermesi durumunda bile kiimeleri elde etmek
icin tutarsiz kenarlar1 tanimlama ve kaldirma sorununu ¢6zmektedir. MST'yi Oklid
mesafesine dayali olarak belirli bir agirlikli grafik tizerinde insa ederek baslar ve
ardindan kritik mesafeyi bir esik olarak kullanarak tutarsiz kenarlar1 ortadan kaldirarak
grafigi kiimelere ayirmaktadir. Optimal kiimeleri elde etmek i¢in hem MST hem de
kritik mesafe metodolojisinin avantajlarinin entegrasyonu, bu c¢alismanin ana
katkisidir. Farkli veri kiimeleri kullanilarak gerceklestirilen deneysel analiz ve
sonuglar, 6nerilen kiimeleme algoritmamizin en yaygin veri kiimeleme algoritmalarina

kiyasla daha iyi genel performans sagladigini kanitlamaktadir.

Anahtar Kelimeler: MST; Grafik tabanli kiimeleme algoritmasi; Oklid mesafesi;

Tutarli olmayan kenarlar.
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CHAPTER 1

INTRODUCTION

There are many areas today in which huge amounts of data are produced every second
to be processed and stored in sensor networks, cloud storage, social networks, etc. This
has improved the fields of statistical data analysis, pattern recognition, machine
learning, and data science in general [1]. Although such a volume of data offers
enormous opportunities to both industry and academia, it poses challenges for effective
retrieval and analysis as well [2]. Data can be compressed into meaningful summaries
to alleviate the exponential space and time required for such operations, eliminating
the need for data storage. Such summaries are equivalent to “clusters” in the literature
on unsupervised learning, promoting better understanding of the data and helping to
provide better data visualization. This approach uses methods that combine important
aspects of information retrieval, pattern recognition, and machine learning. The main
aim achieved in this process is cluster analysis. To group objects, cluster analysis uses
only information that defines the objects and their relationships in the data. The goal
is to have objects inside a cluster be correlated with each other and be dissimilar from
the objects in any other cluster [1]. The bigger the difference between groups, and the
larger the similarity inside a group, the better or more distinct the clustering will be.

However, there is ambiguity concerning an appropriate clustering similarity metric.

Multiple methods have been proposed in the literature for measuring similarity such
as Minkowski measures, Euclidean distance, proximity measures, and data space
density that make data clustering become a multi-objective optimization problem. For
all similarity measures, for clustering objects in a group, a threshold value should be
established and objects that surpass that threshold should be considered as dissimilar
and isolated in a different cluster [3]. For grouping data into clusters, various data
clustering algorithms have been suggested in the literature. However, there is no
general solution for solving all clustering issues as each algorithm has its own biases
and is proposed with certain assumptions. In terms of complexity, data clustering is

considered as an NP-hard clustering problem and therefore current algorithms use



heuristics or some approximation methods for reducing the search space to obtain a
good clustering solution. Moreover, there are not any commonly accepted objective
metrics for clustering validity or accuracy; all algorithms have their own advantages
and disadvantages in solving difficult problems of data clustering [3, 4]. These
clustering algorithms may be classified into different categories of methodologies
including density-based, partitioning-based, hierarchically-based, and MST-based

algorithms.

1.1 Motivation and Research Problem

A good clustering algorithm defined as an algorithm that does not need too many
parameters, should be robust, efficient, able to identify arbitrarily shaped clusters, and
insensitive to initial values [5]. Table 1.1 provides a summary of some of the most
common clustering algorithms. As we mentioned previously, there is no algorithm in
the literature that can solve all data clustering problems. This means that a user must
choose an appropriate algorithm and the relevant parameters for particular datasets.
Normally, though, users do not have a priori knowledge about data sets. This is what
is known as clustering dilemma. Multi-objective clustering [6] and clustering
ensembles [7-9] are two methods used to mitigate this dilemma to some extent.
However, the results related to clustering ensemble methods are generally not unique,

and methods related to multi-objective clustering are generally very complicated.

Clustering methods based on minimum spanning tree (MST) can recognize arbitrarily
shaped clusters by eliminating inconsistent edges from the MST graph. A major
problem posed for all MST-based clustering algorithms by inconsistent edges. These
are only the longest edges in the MST graph under ideal conditions. However, outliers
often do exist in real-world datasets, which make the longest edges inaccurate cluster
separation indicators. Considerable work has recently been carried out to formulate a
criterion method to detect inconsistent edges [10—12]. While, there are a variety of
clustering algorithms based on the MST, there is no specific method for defining and
eliminating inconsistent edges from MST to obtain good clustering results. In addition,
some algorithms need some hidden parameters to be specified a priori in order to

achieve the optimal result for clustering. To list a few, 2MSTClus [13] is one of the



MST-based data clustering algorithms that utilizes some hidden parameters including
number of inconsistent vertices (f3) and validity of the graph-cut (A). Another clustering
algorithm is called CLICK, which also makes use of one hidden parameter during the
adoption phase, which is a similarity threshold for merging sub graphs [14]. Similarly,
the nearest neighbor network (NNN) algorithm recognizes clusters using one hidden
parameter that is called neighborhood size [15]. Changing these parameters will result
in changing the clustering structures and, therefore, the selection of appropriate values
for these parameters requires expertise in the domain [10].

Table 1.1 Popular clustering algorithms: (A) be sensitive to initial values, (B) time complexity, (C)
define the number of clusters automatically, and (D) identify arbitrary shaped clusters.

Methods Parameters (A) (B) (C) (D)
K-means K Yes O(nkd) No No

Kernel K-means K,o Yes O(nkd) No Yes
K-Means++ K Yes O(nkd) No No

DBSCAN Eps, Min Pts No O(n?) Yes Yes
OPTICS Eps, Min Pts Yes O(n?) Yes Yes
NCut K, 6 Yes o(n%) No Yes
Fast-MST K Yes O(n**log(n)) No Yes
SEMST K No O(n log n) No Yes

In this research, a new MST-based data clustering algorithm is proposed, considering
the drawbacks and limitations of the most common clustering algorithms to date. The
proposed algorithm solves the main issue of MST-based data clustering which is
identifying and removing the inconsistent edges to obtain ideal distribution of the data
points within clusters, regardless of the shape of the data distribution. It uses the critical
distance method for the identification of inconsistent edges in MST graph. In addition,
to obtain clusters, no parameters need to be determined in advance. The algorithm is
capable of determining the existence of outliers and adopts the criterion proposed by
our previous work [16] for assessing the quality of the clusters. It can be used in a
variety of fields, such as e-commerce, health research, image segmentation,

communication networks, market research, and many other applications.
1.2 Research Objectives and Contributions

The objective of this research was to develop a robust and parameter-free MST-based
data clustering algorithm using Euclidean distance as a criterion to represent the
similarity between the data points. The proposed algorithm will solve the main issue

of MST-based clustering, which is identifying and removing the inconsistent edges in



order to obtain a set of clusters. It begins by constructing MST over the given weighted
graph based on Euclidean distance, and then partitions the graph into clusters by
removing inconsistent edges using the inconsistent distance methodology. The
contribution herein lies in integrating the advantages of both MST and inconsistent
distance methodology to identify clusters. The inconsistent distance represents the
maximum distance within the clusters in a dataset. The essential contributions of this
research are:

1. This study proposes a new MST-based clustering algorithm using critical
distance methodology to solve the main issue of MST-based clustering related
to identifying inconsistent edges in MST graphs.

2. Irrespective of the type data distribution, the proposed algorithm is able to
define the number of clusters for the given dataset.

3. The proposed algorithm can deal with the existence of some outliers and it uses
several metrics and analysis of variance (ANOVA) to evaluate and analyze the
obtained results.

4. No hyper-parameters need to be specified in advance. The algorithm is flexible,
simple, and easy to understand.

5. The algorithm is able to detect clusters with irregular boundaries with different
size and different densities.

6. The order of the dataset points has no influence on the final results.
1.3 Dissertation Organization

This dissertation is structured into six chapters:

Chapter 1: An overview of the main motivations, and the research problem statement,

as well as the research objectives and contributions are summarized.

Chapter 2: This chapter presents the work in connection with a literature review of

MST-based data clustering algorithms and other associated related works.

Chapter 3: This chapter explains the proposed algorithm in detail, describing the steps
taken to implement the algorithm including the conducted experimental study. Pseudo

code and other supported graphs and figures are also presented.



Chapter 4: The experimental analysis and discussion are described in this chapter,
which contains a complete description of the synthetic and real-world databases that
have been used to perform the experiments. The evaluation of the obtained results and

analysis of the experiments using several scenarios are also presented.

Chapter 5: In the final chapter, the presented research is summarized and concluded
with the findings and contributions of the dissertation. A review of the entire research
objectives and results are reviewed. This chapter also emphasizes the scientific
contributions of this research work. At the end, some prospective points for the future

work of this research are presented.



CHAPTER 2

LITERATURE REVIEW

This chapter presents recent related research, including theoretical and methodological
contributions, as well as substantive findings. Various related works are discussed and
examined in this section. Indeed, the research methodology herein is at the crossroads
of various research fields. To begin, the concept of clustering is introduced, as is
referred to in this dissertation. Then, some terminologies in connection with the
algorithm proposed are define. Various research studies relevant to the current
discussion were examined. By analyzing various methods, the study explored the
advantages and disadvantages of a particular method in order to give a more

comprehensive overview of the relevant literature.
2.1 The Concept of Clustering

No standard definition of a cluster has been established to date. Even though a cluster
was defined by Jain and Dubes [17] as a group of similar objects, they pointed out that
different users have different motivations, even for an identical data set, and therefore,
an operational definition is difficult to provide. Everitt [ 18] defined a cluster from the

following three viewpoints:

e A cluster is a set of objects that are alike, and objects from different clusters are

not the same.

e One cluster is a combination of points in the test space, is such a way that the
distance between any point within the cluster and any point outside of the cluster

is greater than the distance between any two points within the cluster.

e Clusters may be defined as linked multi-dimensional space regions with the
relatively high density of objects, separated by a region that contains a relatively

low density of points from other such regions.



The last two definitions of a cluster are more functional than the first. Since a cluster
cannot be defined universally and operationally, there are a variety of clustering
algorithms in the literature. The terminology of the clustering issue can be defined as
follows. For a given data set, D ={d;.....,d;,...,dn}, where dj; is the jth attribute of the
d; data point, clustering is utilized to find a partition of D, C ={C1,...,C,,...,Ck}, where
K<N, such that:

1.Ci#3,i=1,...,K
2.UF,Ci=D
3.CnC; =0 ,i,j=1,...,Kandi#j

A partition that complies with the above three criteria is called a hard partition, and
each data point belongs to a single cluster. Typically, a hard partition is created by a
conventional approach of clustering, while a fuzzy clustering approach expands the
idea of a hard partition by adding a membership matrix U, where u;; element indicates
to what extent xi belongs to Ck [19]. The research in this dissertation concentrated

solely on hard partitions.
2.2 Applications of Clustering

Some data analysis tasks in computer sciences include clustering, such as text analysis
[20, 21], speaker diarization [22, 23], and image segmentation [24, 25]. Text analysis
is used to divide documents into several groups corresponding to their content. For
example, the results of a search engine can be clustered based on a given keyword so
that users can see an overview of the results. In the diarization of speakers, the goal is
to group speech segments coming from one speaker. Image segmentation is considered
as a basic problem in the field of computer vision, where an image is separated into a
number of uniform regions. If a region is seen as a cluster, then the segmentation
process is considered as a clustering. Clustering is also widely applied in the field of
medicine and biology, such as in the diagnosis and treatment of diseases [26, 27],
protein function prediction [28], protein structure analysis [29, 30], gene function

prediction [31, 32], and gene expression data analysis [33-35]. Moreover, clustering



in astronomy has long been used. The first such associated works were published more
than a hundred years ago by the Royal Astronomical Society. Morphology of galaxy
clustering [36], separation of stars and galaxies [37], and young stellar clusters [38]
are the main applications of clustering in the field of astronomy. Additional
applications involve analysis of commercial data, such as financial time series analysis
[39, 40], market structure analysis [41, 42], and complex networks [43, 44]. Figure 2.1
presents two applications of data clustering, which are image segmentation and gene

analysis.

2 =1 0. 1 2
Relative Expression I'__l

(Z-Score)

Cluster 1
869 genes

Cluster 2
889 genes

Cluster 3
625 genes

D-glc gly D-galUA

Gene Analysis
Figure 2.1 Applications of Clustering.




2.3 Categories of Clustering Algorithms

For organizing data into clusters, a wide variety of clustering algorithms have been

proposed. However, there is no common solution to all of the problems related to

clustering. There is no consensus on the ‘best’ algorithm, since each one is

implemented with certain assumptions and has its own biases. These algorithms can

be categorized into methodologies such as partitioning-based, hierarchical-based,

density-based, and MST-based.

Partition-based clustering: This group of algorithms is divided into two types: crisp
and clustering. In case of crisp clustering, each data point in the dataset fits into
only a single cluster [6, 8]. On the other hand, in the fuzzy clustering type, to some
extent, each data set point can fit into more than one cluster [5]. In the case of
overlapping clusters, fuzzy clustering can deal with boundaries to tackle such
issues [6, 7]. Partitional-based clustering approaches are considered as dynamic,
and data points may be moved from group to group. In addition, by utilizing the
distance measures with suitable prototypes, they can be correlated with the
knowledge of the cluster size/shape. The bulk of partition-based clustering
algorithms utilize methods of alternating optimization. The iterative design of
these techniques makes them highly vulnerable to local minima and sensitive to
initialization. The sensitivity to both outliers and noise is also the key downside of
partition-based algorithms, and it is difficult to determine the number of clusters
[9]. In the community of partition-based clustering algorithms, the K-means
algorithm is considered as one of the most popular algorithms [10, 11]. This
algorithm has two issues, despite its simplicity and efficiency: first, since it is based
on the initialization of the cluster, it cannot find the best result. It could therefore
be stuck in local optimal solutions and strongly depend on the initial centroids,
which affect its efficiency. The second problem relates to the number of clusters

that needs to be identified before [11, 12].

Density-based clustering: These algorithms make use of a multi-resolution grid as
a data structure and form clusters using dense grids. The good side of this algorithm

is that it does not require any specification criteria in a priori and it is capable of
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dealing with datasets that contain large amounts of noise. Moreover, in the case of
high-dimensional data, it does not work well [13, 14]. The common and classical
density-based clustering algorithm is density-based spatial clustering of
applications with noise (DBSCAN), which can discover arbitrary shaped clusters.
However, four parameters need to be specified, which are not easy to specify [15].
The clustering in quest (CLIQUE) algorithm puts together density-based and grid-
based clustering algorithms, and it performs well on small data sets. However, due
to the nature of the rectangular grid, the shapes of the clusters produced by this
algorithm are either vertical or horizontal [10]. Grid density-based algorithms are
not bothered with data points, but with the value space that contains the data points.
In this kind of algorithm, users are required to determine the grid size or the density
threshold. The challenge here is how to determine the grid size and density
thresholds. However, adaptive grids have been suggested to solve this problem.
Thus, depending on the distribution of data, such techniques can automatically
determine the size of the grids. Therefore, it is not necessary for the user to specify
the density threshold or grid size. This processing time of this algorithm is fast,
irrespective of the total number of objects in the dataset. The disadvantage,
however, is that the number of cells inside the quantized dimension depends on

each dimension [14].

Hierarchical-based clustering: A hierarchy of clusters is obtained by these
algorithms without having to specify the number of clusters beforehand. Therefore,
in this case, problems associated with initialization and local minima do not appear
[6, 14]. Hierarchical-based clustering methods can also be split up into
agglomerative [45—48] and divisive [19, 49-52] methods. A divisive algorithm
starts by considering the entire data set as one cluster, and then repeatedly splits up
the large clusters into smaller ones, until each data point in the dataset fits into a
single cluster. The divisive analysis (DIANA) clustering algorithm [21] is an
example of divisive type of hierarchical clustering algorithm. On the other hand,
the clustering is performed opposite that of agglomerative of clustering. It takes a
data point from the dataset and considers it as a cluster, and then merges similar
pairs of clusters iteratively until the specified number of clusters is reached.

Balanced iterative reducing and clustering using hierarchies (BIRCH) [53],



11

Chameleon [20], complete linkage clustering [54] robust clustering using links
(ROCK) [55], and single clustering using representatives (CURE) [56] are all

examples of this type of hierarchical algorithm.

MST-based clustering: The MST-based clustering algorithm is considered as a
graph-based algorithm (named an unrooted tree) that incorporates a closely
connected set of nodes, which can be formed as a cluster. In particular, clustering
algorithms that use MST have attracted interest over the past few years, as they
have the ability to discover the arbitrary shapes of clusters [57]. MST is a famous
combinatorial optimization problem that is effectively utilized in different tasks,
such as cluster analysis and image segmentation [58, 59]. A spanning tree can be
defined as undirected, weighted, and acyclic subgraph. When a graph contains only
one path (i.e. there are no cycles or loops in the graph) among all of the pairs of
vertices, then the graph is considered as acyclic. If any edge in the graph has
oriented to another edge, then the graph is considered as a directed graph;
otherwise, it is considered as undirected graph. A MST, or as it is sometimes called,
a shortest spanning tree, is a spanning tree that has the lowest total weight of all of
the edges when compared with all of the other possible spanning trees [60—62].
The Boruvka [63], Kruskal [64], and Prim [65] algorithms are the most common
MST extracting algorithms. Thus, in order to obtain a set of clusters in MST-based
clustering, the main concept is to define and eliminate the inconsistent edges from
a MST graph. It starts by creating a MST for a given weighted graph and then
divides it into clusters by eliminating inconsistent edges [10]. Hence, one of the
key problems to be solved in this research, was identifying the inconsistent edges
for a given MST graph. In cluster construction, it is not easy to attain clusters using
MST [66, 67], since all the nodes in an MST are connected with each other to form
a connected graph, which is considered as a single cluster. Several clustering
methods using MST were employed to resolve this issue, by restricting the growth
of a MST using a certain threshold weight. This enables strongly connected
clusters to be created. Moreover, by reorganizing their connections inside of the
tree, these MST-based constructed clusters can be better adjusted [66].
Reorganization requests, however, are conducted in line according to the actual

contacts in the graph. This should be done gradually and tested to enhance the
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quality of the cluster before acceptance. MST-based clustering algorithms are
elegant and appropriate for high-dimensional and modern large datasets where
only the data point, N, is provided. However, a quadratic execution time is required
to construct a MST. Furthermore, outliers often exist in real-world case studies,
and the clusters may have different densities, which makes the longest edges an
unreliable measure for separating the clusters. There is one advantage of MST-
based clustering, which is considering the distances between data points when
clustering. However, cluster separations and thus, the clustering quality, may be

reduced by the existence of outliers [10].
2.4 Typical Distance Measures

A distance measure, or alternatively a similarity/dissimilarity measure, is used in
machine learning and pattern recognition to measure how similar a pair of data points
is. In semi-supervised and supervised learning, the distance metric can be learned from
the labeled samples. Weinberger and Saul, for example, demonstrated how to learn a
Mahalanobis distance metric for K-nearest neighbor (KNN) classification using
labeled examples [56]. However, no labeled example is available in data clustering
applications, and it is crucial for a clustering to select a suitable distance metric. The
most typical measures are shown in Table 2.1. More details about the various measures

used in data clustering are provided in Appendix A.

Table 2.1 Some of the most popular measures used in data clustering.

Distance Metric Formula Description
Euclidean d 1/2 d represents the dimensionality. This metric
D(xi, xj) = <Z |x” —Xj |2> is the most used measure in data clustering.
=1
Minkowski d i/p It is the extension of Euclidean distance. If
D(xi, xj) = <Z|xu — Xji |p> 0<p<l1, it is called fractional distance, which
=1

is more meaningful than Euclidean for high
dimensional data [47].

Manhattan d It is also called City Block, and is the

D(xi %)) = le” =% special case of p = 1 of Minkowski distance.
= It is usually used in subspace clustering

[48].
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2.5 Related Work

Recently, graph-based clustering algorithms have become common because they look
for connectivity-based partitions rather than centroids. MST has an important role to
play in analyzing the topological and dynamical features of complex networks [68].
For a given weighted graph, it is considered as the main transport backbone as
recognized in many studies [57]. In 1971, Zahn [69] firstly proposed the MST-based
clustering method by constructing the MST over a weighted graph, which formed the
connected components, and then proceeded to eliminate inconsistent edges from the
MST graph. One drawback of this algorithm is that it is vulnerable to outliers. Thus,
an object that is isolated from all other objects forms a single group. However,
Chowdbury and Murthy [70] suggested an inconsistency measure dependent on
finding valley regions to fix this issue. Another solution for dealing with the existence
of outliers was proposed by Laszlo and Mukherjee [71], where they specified a
restriction on the minimum size of a cluster. Clustering algorithms based on MST are
usually divided into three phases: 1) building the MST, 2) eliminating inconsistent
edges from the MST graph to create a collection of connected components, and 3)
repeating phase 2 until satisfying the terminating condition. Since the MST-based
clustering approach was initially proposed by Zahn, more recent works have
concentrated on identifying inconsistent edges of MST graphs. The inconsistent edges
are the longest edges in the ideal condition where no outliers are present and clusters
are well separated. However, in the case of the existence of outliers in the dataset, the
longest edge does not necessarily correspond to the inconsistent edge [5]. Moreover,
MST can be used for representing multidimensional gene expression data, such as in
the study presented by Xu et al. [72]. Three objective functions were defined in their
study. The first objective function was used to eliminate the k-1 longest edges, thereby
minimizing the overall weight of the K subtrees. The second algorithm was proposed
in order to reduce the total distance between each point in a group with respect to the
center. The third objective function was utilized to reduce the total distance between
each point in the cluster with respect to the cluster’s “representative”. When
inconsistent edges are eliminated according to lengths of edges, clustering results will
be vulnerable to outliers. In the study of Grygorash et al. [73], a hierarchical MST-
based clustering approach (HEMST) was proposed by Grygorash et al., that repeatedly
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cuts the edges, fuses points within the resulting connected components, and then
recreates the MST again. Besides the inconsistent edges, the concept of points density
is another main factor influencing the efficiency of clustering results. In order to
partition a given dataset, the conventional MST-based clustering algorithms use
merely the information related to the edges within the tree, which makes these
algorithms easily affected by the existence of outliers. More recently, MST-based
techniques aim to define inconsistent edges depending on local densities around
objects. Some approaches describe the density of points using the degrees of the
vertexes. Luo et al., for example, proposed a clustering algorithm using neighborhood
density difference estimation based on MST [74]. Wang et al. proposed to find a local
density factor for each data point during the construction of an MST and discarding
outliers [10].

In fact, clustering algorithms based on MST have been used successfully to detect
clusters of varying sizes and shapes. For example, Zhong et al. [13] presented a graph-
theoretical clustering method, which is robust to the difference of cluster sizes,
densities and shapes. Based on the graph composed of two rounds of MST, the
proposed method (2-MSTClus) classified cluster problems into two classes, as
touching cluster problems and separated cluster problems, and identified the two
classes of cluster problems automatically. Later, they proposed a new method based
on split and merge clustering [75]. The algorithm used an MST graph for the initial
prototypes and used the K-means algorithm to split the graph into sub-graphs [83],
Next, by considering the neighboring edges, the sub-graphs were filtered and merged.
Some MST-based algorithms have been combined with other approaches, such as
multivariate Gaussians [76], information theory [77], and k-means [25].

Zhou et al. [78] proposed another type of MST-based clustering algorithm, which they
referred to as the adaptive MST-based clustering algorithm (AMST). They focused on
the extraction of irregular shapes of clusters. The algorithm first uses a validity
indicator for determining the ideal number of clusters. The candidate clusters are then
assessed for their significance. Both data isolation and compactness are considered in
the validity indicator. This will lead to specifying the best part of the MST for
clustering. The proposed method was compared with the dynamic MST (DMST) and
static MST (SMST) clustering methods. The DMST and SMST methods extract a
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single cluster from the data when compared to the multiple clusters formed by the
AMST. The AMST algorithm shows better accuracy, which has been supported by
simulations when compared to the DMST and SMST. In addition to algorithms that
use inconsistent edges to split up datasets into clusters, there are also other algorithms
that utilize the MST to calculate pairwise dissimilarity, such as the minimax distance
suggested by Fischer and Buhmann [79, 80]. Another MST-based clustering method
was proposed by Halim and Uzma [66]. Their method uses evolution strategy (ES) to
refine the obtained clusters. This technique relies on (1+1)-ES for obtaining the
optimal MST-based clustering result. The Davies-Bouldin index serves as a fitness
function in determining the efficiency of clusters obtained by ES populations. The
proposed algorithm was evaluated using 11 benchmark datasets.

cciMST is a new MST-based clustering algorithm proposed by Lv et al. [58] using an
algorithm for cluster center initialization. On the basis of dual densities of points and
geodesic distance, cluster center initialization is used as algorithm in order to capture
the intrinsic structure of the data sets. Moreover, a method using inconsistent edges
located on shortest paths between cluster centers is used in order to specify the
inconsistent edges using the densities of endpoints of the edges together with the
lengths of the edges on the shortest paths. Third, by measuring the distance between
points at the intersections of clusters, the authors suggested a novel inter-cluster
separation method. In addition, to select the best clustering outcome, a novel internal
clustering validation metric was suggested. By constructing Euclidean-based MST
(EMST), Lopresti et.al. [81] suggested a red, green, and blue (RGB) color clustering
algorithm. Each distinct color in the given data is considered as a point in the three-
dimensional RGB color space. Thus, in the EMST, each color is considered as a node.
The Euclidean distance between two color nodes in the tree is considered as the weight
of an edge. They compute the average distance of the edges in the EMST once it is
built. Subsequently, to form a set of disjoint subtrees, the edges that are longer than
the average weight by a predetermined amount are removed from the tree. The
members of a color cluster are the colors of each sub-tree. They indicated that when
dealing with textures and when there are numerous colors in the data, the color
clustering algorithm based on the EMST may fail. In the context of specifying the

number of clusters, several approaches have been introduced in the literature to
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determine the right number of clusters. Some of these methods include the elbow
(Thorndike, 1953) method [82], core matrix (Honarkhah & Caers, 2010) [83], and
criterion of the information (Sugar & James, 2003) [84]. As mentioned previously,
because of the difficulties in selecting the input parameters or because models may not
be appropriate for detecting the structures of clusters, the traditional approaches of data
clustering algorithms will not be appropriate for clustering a heterogeneous forms of
clusters. The majority of these algorithms often need quadratic time to do clustering
of N (number of data points). Thus, for large sizes of datasets, the high computational
cost of these methods limits their applications [20, 75]. To address these problems, a
variety of hybrid clustering algorithms were suggested incorporating the advantages
of these approaches. Datasets are analyzed in two phases using a hybrid clustering
algorithm. In the first stage, the data set is divided into numerous sub clusters using
various partitioning methods. The formed sub clusters are combined to actual clusters
in the second stage on the basis of some merging criteria. Different hybrid clustering
algorithms have been proposed in the literature based on the various partition and
merging methods [20, 31, 55, 75, 85]. A hybrid CURE algorithm to handle large
datasets was proposed to take advantage of both the partition-based and single link
techniques [55]. The CURE method represents a cluster by a constant number of
representative points and the similarity of two sub-clusters are determined using the
closest distance between the representative points in different sub-clusters. The
selection of the representative points of CURE dependents upon the existence of
outliers in the dataset, in addition to the shapes and sizes of the clusters; therefore, the
results of the clustering also depend on the selection of the representative points [20,
86]. This algorithm has a computational complexity of O(N2log N). An efficient and
robust data clustering with cohesion self-merging (CSM) [86] is a hybrid clustering
approach that first uses k-means to partition the dataset into k sub-clusters and then
iteratively merge them into actual clusters based on cohesion. The final results of the
clustering may be unstable because the algorithm depends on k-means as a partitioning
approach, which produces different clusters in different runs [75]. Split and merge
using multiple prototypes with small separations was proposed by Liu et al. [31] to
discover clusters of arbitrary shape and size. However, the clustering results of this

approach depends on many experimental parameters [75].
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Another example of hybrid clustering algorithm is CHAMELEON [20], which can be
suitable for clustering heterogeneous datasets. It constructs a graph using the k-nearest
neighborhood and then applies a graph partition technique to partition the dataset into
several sub-clusters. The resulting sub-clusters are then merged into actual clusters
depending on the relative inter-connectivity and closeness of the sub-clusters. O(N?)
is the computational complexity of this hybrid algorithm, because it constructs the k-
nearest neighborhood graph on a complete graph, which limits its application in large
datasets. Preprocessing is also done to choose the parameters needed to construct the
graph of the nearest neighborhood [75]. For the construction of an approximate MST,
an MST-based clustering method was proposed using the divide-and-conquer
approach (DMST) [87]. It has the capability of identifying the longest edges in the
early stage of clustering using the cut-and-cycle properties of a graph, which may not
participate in the construction of the MST in order to prevent additional computations.
However, the worst case complexity of the algorithm still remains O(N?), despite its
sub-quadratic complexity in the average case. The clustering quality is also affected
because during construction of the approximate MST, many of the edges are not
considered [57, 88].

Another example of the hybrid clustering algorithm is split-and-merge (SAM). It
builds a neighborhood graph of the MST to represent the dataset [73, 75]. It applies
the k-means algorithm after selecting the VN highest degree nodes as the cluster center
to split the dataset into large number of sub-clusters. In order to merge the sub-clusters
into the actual clusters, the intra-similarity and inter-connectivity between the sub-
clusters are designed. The computational complexity of the algorithm is O(N?), which
is dominated by the construction of the graph. The datasets that contain clusters with
a different dispersion level and diverse shape cannot be clustered using the SAM
algorithm [89]. A parameter-free clustering technique called Gaussian density distance
(GDD) was proposed using Gaussian kernel and distance, by considering both the
shape and data density to obtain the clusters [90]. The algorithm works with a
computational complexity of O(N?). The technique is not sufficient to be used for data
sets that contain touching clusters. MST is represented as a useful graph structure that
can be utilized to discover neighborhood information for data points. Thus, MST can

be used to represent the underlying structures of heterogeneous types of datasets. Since
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each pair of data points will be attached to an edge in the MST graph, O(N) is the cost
of locating the nearest neighbor of any given data point. Thus, for O(N) data points,
O(N?) is the overall cost for building the MST graph. If the structure of the dataset
could be represented by the local neighborhood graph rather than the complete graph,
time complexity could be reasonably minimized. With this inspiration, Mishra and
Mohanty [91] suggested a hybrid and fast MST-based clustering method using the
local nearest neighbor to reduce the computational overhead of using complete MST
graphs. As the initial step, to capture the geometry of clusters and based on the
dispersion of data points, the datasets are to be divided into large numbers of sub-
clusters. After that partitioning, the MST graph is built to recognize the adjacent pairs
depending on the centroids of all sub-clusters. Furthermore, in order to find genuine
clusters, a novel merging technique was presented by combining the adjacent sub-
clusters repeatedly. With respect to average edge weights of sub-clusters and centers
of adjacent pairs, two methods were offered to calculate the level of dispersion of each

data point, namely intra-similarity and cohesion.
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CHAPTER 3

THE PROPOSED MST-BASED DATA CLUSTERING
ALGORITHM

The most problem in data clustering field is that we do not have prior knowledge about
the given dataset. Moreover, the choice of input parameters such as the number of
clusters, number of nearest neighbors and other factors for each clustering algorithm
make the clustering more challengeable topic. Thus, any incorrect choice of these
parameters yields bad clustering results. Furthermore, these algorithms suffer from
unsatisfactory accuracy when the dataset contains clusters with different complex
shapes, densities, sizes, noise and outliers. MST-based clustering algorithms are
elegant and appropriate for high-dimensional and modern large datasets where only
the data points N is provided. However, a quadratic execution time is required to
construct MST. Furthermore, outliers often exist in real world case studies, and
clusters may have different densities, which makes the longest edges an unreliable
measure for separating the clusters. There is one advantage of MST-based clustering
which is considering the distances between data points when clustering. However,
cluster separations and thus the clustering quality may be reduced by the existence of
outliers [10]. This chapter presents the proposed algorithm that is used to overcome
the problems and challenges presented in the first chapter. The proposed algorithm
tries to identify the inconsistent edges in MST graph by using the critical distance
methodology. The Euclidian distance is used as the distance measure between any two
vertices in the MST graph. The critical distance is the maximum distance of the nearest
neighbors’ distances in MST graph. It is used as a threshold to identify inconsistent
edges that will be cut from MST graph to obtain the final clustering result. The
proposed algorithm is simple, easy to understand, and free from any hyper-parameters
that need to be specified by the user. The algorithm is discussed in detail in the

following sections.
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3.1 The Proposed Clustering Algorithm

On the basis of the principle of data clustering, to obtain ideal clusters, we must ensure
that distances between any two objects within a cluster are smaller than distances
between any two objects within separate clusters. Based on this definition, and using
the MST graph, the proposed algorithm can efficiently define the inconsistent edges
by utilizing critical distance as a threshold to get optimal clusters. The critical distance
is defined as the maximum distance of nearest neighbors in the MST graph. We call
this “critical distance” because it is the maximum distance inside clusters and any
distance greater than the critical distance is considered as a distance between two

clusters. Table 3.1 defines all mathematical notations used in the proposed algorithm.

Definition1. (Concept of Clustering) In general, for a given dataset X, a clustering
algorithm seeks to group X within several different clusters, Ci, Ca,..., Cx, Ci# O, C;
N C=0, X=C; U C,...U Ck, 1, j=1:K, i #], so that the distance between any object in
the cluster with respect to any object outside the cluster is greater than the distance
between any closest pair of objects within a cluster.

Definition 2. (Fully connected graph) Given a dataset X={x1,x2,....xa}, G(X)=(V,E)
represents a weighted, fully connected graph that consists of an edge set E={eij=(x;,
Xj) | Xi, Xj € X, 1 #j} and a vertex set V=X (i.e., a set containing T data points). The
weight of each edge ej; is denoted as W(x;, Xxj).

Definition 3. (Nearest neighbor graph) In a metric space, let X be a set of objects. Gs
is denoted as the nearest neighbor graph of X. It consists of |X]| vertices, each
corresponding to an object in X, and if a € X is the nearest object to b € X in X, Gs
contains an edge that connects the corresponding vertices of a and b.

Definition 4. (MST) Assuming that G(X)=(V,E), which represents a weighted
connected graph, with an edge set E={ejj=(xi, X;) | Xi, X; € X, 1 # j} and a vertex set
V=X (i.e., a set containing T data points), the weight of each edge e;; in graph G(X) is
denoted as w(xi, Xj). W(MST)=min {Zxixjev.cijeeW(Xi, Xj) } represents the MST of graph
G(X), defined as a subset of E that links all vertices in V with a minimum total sum of
weights and does not have a cycle. It fulfills following two conditions:

(1) Cycle property: In any cycle in a graph, the edge with the largest weight does not
belong to the MST.
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(2) Cut property: an edge must belong to an MST if it has the smallest weight and cross
any two partitions belonging to the vertex set.

If each edge is given a weight (i.e., w) that denotes a distance (i.e., p) between two
vertices, each edge in the MST will be the shortest distance between the two subtrees
that are connected by that edge. Thus, theoretically, eliminating the longest (i.e.,
inconsistent) edges would allow the obtaining of some clusters.

Definition 5. (MST-Based clustering) Let MSTT denote the MST of a given dataset
T. Let S, Sh be two subsets of T such that Sy, Sh € T, Sm N Sh =0 and Sw # D, Sh #
. Sm and S, are considered MST-based clusters in the event that they were created
by eliminating the link that has an edge weight greater than critical distance ?\(data).
Definition 6. (Critical distance A(gata)) For a given nearest neighbor graph Gs, the
critical distance A(gatq) is defined as the maximum distance (weight) compared with
all distances (weights) of nearest neighbor edges in Gs.

Definition 7. (Inconsistent edge) In a given MST where T=(V, Er) for data set X,
given €. € ET linking an end point a € A to an end point b € B, ea is considered as
an inconsistent edge and needs to be removed from the MST if the ratio (the weight of
edge eqp) is larger than a given threshold which we call it (A(gata))-

Table 3.1 Mathematical notations used in the algorithm

Notation Description

X X € RP denotes the dataset list

FC_Graph Denotes the fully connected graph that contains pairwise distances for each data point
NN_Graph Denotes the nearest neighbor graph that contains all the nearest neighbor distances of data points
A(data) Critical distance with respect to data that represents the maximum distance in NN_M

max_dysr Denotes the maximum weight in MST_Graph

RF Denotes the receptivity factor, which is utilized to check the receptivity of the dataset for clustering
ULO Upper Limit Outlier is considered as a threshold that specifies the starting point of extremism
Ql QI represents the median for the lower half of the data

Q3 Q3 represents the median for the upper half of the data

IQR Denotes Interquartile Range which is calculated by the formula (Q3-Q1)

min_d;c.ay Denotes the minimum distance between two clusters with respect to others

MF MF is the Merge Factor which is used to determine the necessity of merging the closest clusters
A Denotes the critical distance inside cluster k

near_d x—n_x Denotes the nearest distance for cluster k with respect to nearest cluster n_k

ISF 1 Internal Strength Factor for cluster k, which is utilized to identify the cluster to be merged

The procedure for clustering a sample dataset using the proposed algorithm is defined
in several steps as follows:

e A sample of 15 data points from a synthetic dataset has been created to

simplify explaining the proposed algorithm as shown in Figure 3.1. The

synthetic dataset is free of outliers and it consists of three well-separated

clusters.
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The Sample Data set
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Figure 3.1 Sample data set that consists of 15 data points

The first step is to find the fully connected graph FC_Graph which contains
the distances for each object in the dataset with respect to the others, using

the Euclidian distance formula as shown in Figure 3.2.
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Figure 3.2 Fully connected graph showing the distances between all of the data points

The second step is to find the NN _Graph which contains the nearest
neighbor for each object in the dataset. Figure 3.3 represents the nearest

neighbor graph.
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Nearest Neighbors Graph
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Figure 3.3 Nearest neighbor graph showing the nearest neighbor distance for every data point

e The next step is to identify the critical distance from NN_Graph which

denotes the maximum distance taken from NN_Graph as shown in Figure

3.4.
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Figure 3.4 Determining the critical distance A ,which is the maximum distance of all of the nearest
neighbor distances

e In order to separate the clusters using the MST, we need to build the graph
related to MST (MST _Graph) using the nearest neighbor distances between
the objects in the dataset as weights. Figure 3.5 shows the MST graph of

the sample data set.
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MST Graph
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Figure 3.5 Minimum spanning tree graph of the dataset

After building MST Graph, we need to identify the maximum distance in
MST Graph in order to calculate the receptivity factor (RF) which is
utilized to check the receptivity of the dataset for clustering. The formula

for RF is as the follows:

RF = (ata) (3.1)

max_dmsT

Thus, by comparing both the maximum distance in the MST graph which
is max_dygr With the maximum distance in the nearest neighbors graph
which 1S A gata), using the RF, if RF=1, the distances are equal, and there are
some outlier distances that leads to make the dataset to not have the
receptivity for clustering. This case will be discussed in detail in chapter 4.
However, based on the sample dataset presented in Figure 3.6 and after
building MST_Graph, the value of RF is RF=0.35. It means the dataset has

receptivity for clustering in general and it can be clustered.
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Figure 3.6 Receptivity factor (RF) value using the MST graph
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Then, using the MST Graph, we need to filter out all the distances that are
greater than critical distance and assign a zero value to them.

The next step is to find the connected components from the MST Graph
based on the inconsistent edges in MST Graph where the distance is equal
to zero by assigning a label for each series of connected objects. The initial

obtained result is shown is Figure 3.7.
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Figure 3.7 Initial result obtained after cutting the inconsistent edges from the MST

graph using the Aqata)
After obtaining the initial clustering result, we need to test the necessity of
merging the closest clusters by calculating the merge factor (MF). As
shown in Figure 3.8, the value of this factor is MF=0.47, which means that
there is no need for merging clusters in the obtained result. Thus, the initial

obtained result is considered the final clustering result. The formula of MF
is the following: MF = —a@ (3.2)
ming ;1)

MST Graph

9. 4 B0 .‘ [=F 3 e .

1. 68
o¥ tha [ ]
vu o @ MF = 0.47

Figure 3.8 Merge factor (MF) using the minimum spanning tree graph
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According to the flowchart and pseudo code presented in figure 3.7 and 3.8
respectively, the proposed algorithm started by loading the dataset and calculating the
distances for each data point to form the fully connected graph. Next step is to calculate
the distance of the nearest neighbor for each data point using the fully connected graph.
From the nearest neighbor graph the critical distances is determined which represents
the maximum distance among the nearest neighbor distances. The next step is to build
the MST using the nearest neighbor graph. Then, the receptivity factor (RF) needs to
be calculated to check the receptivity of the dataset for clustering. If the value of RF
is equal to one, this means that the dataset does not have receptivity for clustering due
to the existence of some outliers. In this case, the critical distance needs to be replaced
by upper limit outlier (ULO) which represents the extremism threshold for a given
dataset. The next step is to use ULO as a threshold to cut the MST graph and obtain
the initial clustering result. Then, we need to check the necessity of merging closest
clusters using merge factor (MF). If the value of MF is greater than 0.5, this gives a
general indication that there is a need for merging some closest clusters. Else, there is
no need to merge clusters and the initial clustering result can be considered as the final
clustering result that can be obtained using the proposed algorithm. In the case where
MF is greater than 0.5, to specify the clusters that need to be merged, Internal strength

factor (ISF. x)) needs to be calculated for each cluster to determine clusters need to be
merged. Cluster that has the maximum value of ISF ) indicates that, this cluster

needs to be merged with the nearest cluster. After merging the closest clusters, the
obtained clusters considered as the final clustering result that can be obtained using
the proposed algorithm. On the other hand, when the value of RF is not equal to one,
this means the dataset does have a receptivity for clustering. It means that, the critical
distance can be used as a threshold to cut the MST graph and obtain the initial
clustering result. Then, MF needs to be calculated to check the necessity of merging

closest clusters as it is discussed previously in the case where RF equals to one.
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Figure 3.9 Flowchart of the proposed algorithm.



Input: Data set X = {xi, xi € RP,i=1,2,---,n}.

Output: Connected components that form the obtained clusters.

1- Load the input dataset X
2- Calculate the pairwise distances in the form of fully connected graph:
FC_Graph=Find FC Graph(X)
3- Find the nearest neighbor graph using FC_Graph: NN_Graph= Find NN_Graph(FC Graph)
4- Select the critical distance which is Agata)= Max_weight(NN_Graph)
5- Build the MST Graph using FC_Graph: Build MST(FC_Graph)

A
6- Calculate RF= —42%)

max_dmsT
7-if RF==1 then
8- ULO = Q3 + 1.5 (IQR)
9- A(datay=ULO
10-end if
11- for each distance in MST Graph do the following:
12- if MST_Graph.distance[i] > A(gata) then
13- MST Graph.distance[i]=0
14- end if
15- end for
16- Find n_components, labels= connected components(MST_Graph)
17- Calculate MF = _Adata)

min_d;caln

18- if MF > 0.5 then

19- for each connected component obtained from Step 16:
- M

20- Calculate ISF ¢y = near decroni

21- end for

22- Call MergeNearestClusters(ISF i)

23- end if

24- else:

25- Terminate

26- else:

27- for each distance in MST Graph do the following:

28- if MST_Graph.distance[i] > A(gata) then

29- MST Graph.distance[i]=0

30- end if

31- n_components, labels= connected components(MST Graph)
32- Goto step 18

Figure 3.10 Proposed algorithm as a Pseudo code.
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3.2 Experimental Study

3.2.1 Experimental Setup

We evaluate the proposed algorithm using 10 synthetic data sets (DS1-DS10) and 9
real-world datasets (DSR1-DSR9). The datasets used for evaluation have different
characteristic and shapes. DS1-DS10 are created synthetically and taken from the
literature [6, 92-95]. These datasets are carefully chosen to cover several cluster
characteristics in terms of in terms of dispersion, geometry, and density. The nine real
datasets are adopted from the UCI machine learning repository [96]. Descriptions of
the synthetic and real datasets are presented in Table 3.2 and Table 3.3 respectively.
The experiments are implemented using Python on a personal computer that has 8 GB
of RAM with an Intel 15 3.0 GHz processor. The operating system used is 64bit
windows. The proposed algorithm is compared with DBSCAN [46], K-means [32],
Single linkage [97], Birch [53], and Spectral clustering [36].

In the above five algorithms, k-means was one of the partition-based clustering
algorithms, and single linkage and Birch were the most popular algorithms of the
hierarchical clustering algorithms, both of which are traditional clustering algorithms.
Spectral clustering is one of the graph-based clustering algorithms. DBSCAN is one
of the most common density-based clustering algorithms. For evaluation of clustering
results, we use cluster accuracy (AC) as an external clustering validation metric. It is
the ratio of overall number of data points that are correctly categorized in each cluster
over the size of sample [98]. AC takes value between 0 and 1. The larger the value of
AC, the better the result of clustering. For a given dataset that includes K number of
clusters indicated as Ci, C,..., Ck. Suppose that, P; represents the number of objects

that are properly classified to cluster Ci. AC is defined as follows:

k

Zi:opi

AC =
|D|

(3.3)
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Table 3.2 Description of the synthetic datasets

Data set No. of Instances No. of Attributes No. of Classes
DS1-Donut 1000 2 4
DS2-DPC 831 2 5
DS3-Twenty 1000 2 20
DS4-Longl 1000 2 2
DS5-Lsun 1000 2 3
DS6-Shapes 1000 2 4
DS7-Smilel 1000 2 4
DS8-Spiral2 1000 2 2
DS9-Wingnut 1016 2 2
DS10-Zilnik5 512 2 4

Table 3.3 Description of the real datasets

Data set No. of Instances No. of Attributes No. of Classes
DSR1-Haberman 306 3 2
DSR2-Soybean 47 35 4
DSR3-Liver 345 6 2
DSR4-Appendicitis 106 7 2
DSR5-Hypatitis 80 20 2
DSR6-Sonar 208 60 2
DSR7-Specttheart 267 44 2
DSR8-Bands 365 19 2
DSR9-Tumor 569 30 2

3.2.2 Experimental Results using Synthetic Datasets

The results of the purity metric for each algorithm using synthetic datasets are
presented in Table 3.4. The description of each experimental result conducted using
the synthetic datasets are as follows:

DS1: This dataset included four clusters that were different in terms of shapes and
densities. Figure 3.11 presents the clustering results using DS1. Single linkage,
DBSCAN, spectral clustering, and the proposed algorithm were able to detect the
clusters properly. K-means, on the other hand, performed poorly for the clusters that
had non-spherical shapes. Note that it was able to properly detect the clusters that had
spherical shapes. Similarly, the Birch algorithm favored clusters with spherical shapes
and similar sizes, because it used the notion of the diameter to control the boundary of
a cluster [53]. Thus, its clustering output was close to that produced by K-means.
DS2: As shown in Figure 3.11, this dataset consisted of four clusters that differed
according to density. Single linkage, DBSCAN, and MST-CDC were able to recognize
the four clusters properly. However, the actual clusters were not identified properly by
K-means, Birch, or spectral clustering. Because the dataset included objects of
different densities, it was also difficult to choose the correct parameter combination

for each algorithm.
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Figure 3.11 Clustering results for DS1 and DS2

DS3: The data set consisted of 20 clusters and they were close to each other, as shown
in Figure 3.12. All of the presented clustering algorithms were able to identify the
clusters properly, except for spectral clustering, since spectral clustering will always
try to give two roughly equal clusters. For example, if the data set is a Gaussian blob,
spectral clustering will find a relatively efficient way to cut it in half.

DS4: This dataset had two clusters of diverse densities, as shown in Figure 3.12.
Except for Birch and DBSCAN, all of the algorithms were able to produce the clusters
properly. The reason why Birch failed to recognize the clusters properly was that the
dataset consisted of objects with varying densities and Birch usually does not perform

well if the cluster is not spherical in shape.
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Figure 3.12 Clustering results for DS3 and DS4

DSS5: This data set consisted of three clusters with different shapes and densities that
were close to each other. Only the proposed algorithm and the single linkage algorithm

were able to identify the clusters properly, as shown in Figure 3.13.
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DS6: In this dataset, 4 synthetic clusters were created with different shapes and
densities, and the clusters were well separated from each other. All of the algorithms
were able to produce the four clusters properly, except for spectral clustering, which

was only able to identify the top right cluster, as shown in Figure 3.13.
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Figure 3.13 Clustering results for DS5 and DS6

DS7: This dataset was composed of four clusters that formed smile shapes. The
clusters had different shapes and densities. The proposed algorithm, single linkage,
and DBSCAN were able to detect the clusters correctly, as shown in Figure 3.14.
However, K-means, Birch, and spectral clustering failed to cluster this dataset since,
the shape of the clusters was not spherical and they had different densities and
diversities.

DS8: This dataset contained two clusters with spiral shapes. Similar to DS7, the
proposed algorithm together with single linkage and DBSCAN were able to produce
the clusters properly, while the rest were not able to work properly with the spiral

shape of the clusters. Figure 3.14 illustrates the results of all of the algorithms.

MST-CDC Single Linkage DBSCAN K-Means Birch S-Clustering
s - z 3

Figure 3.14 Clustering results for DS7 and DS8
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DS9: This data set contained two clusters with high density that were very close to
each other. Only the proposed algorithm and single linkage were able to identify these
two clusters properly, while the rest failed to obtain the clusters correctly, as shown in
Figure 3.15.

DS10: This was the last data set in the synthetic part of the data sets. It consisted of
four parallel clusters with different densities. The cluster results are illustrated in
Figure 3.15. The proposed algorithm, single linkage, and DBSCAN were able to
identify the proper clusters. K-means was able to discover the sphere-shaped clusters
properly, whereas it produced unsatisfactory partitions for the non-sphere-shaped
clusters. For the spectral algorithm, the similarity matrix was constructed by a
Gaussian kernel function with Euclidean distance. However, its clustering result was
similar to that of K-means.

Table 3.4 presents a comparison of the various algorithms with the proposed algorithm
according to purity metric using synthetic datasets. It is clear that, both the proposed
algorithm and the single linkage algorithm had the best purity score when compared

with the others.
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Figure 3. 15 Clustering results for DS9 and DS10.

Table 3.4 Results of the purity metric for each algorithm using the synthetic datasets

Dataset/Algorithm MST_CDC Single-Linkage DBSCAN K-Means Birch S-Clustering
DS1-Donut 1 1 1 0.606 0.537 1
DS2-DPC 1 1 0.995 0.667 1 0.631
DS3-Twenty 1 1 1 1 1 0.615
DS4-Longl 1 1 0.963 1 0.528 1
DS5-Lsun 1 1 0.845 0.425 0.822 1
DS6-Shapes 1 1 0.999 1 1 0.702
DS7-Smilel 1 1 1 0.683 0.478 0.685
DS8-Spiral2 1 1 1 0.198 0.439 1
DS9:Wingnut 1 1 0.987 0.909 0.990 0.998
DS10:Zilnik$ 1 1 1 0.656 0.410 0.687
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3.2.3 Experimental Results using Real Datasets

The proposed algorithm was also used to evaluate nine real datasets that were adopted
from the UCI Repository [96]. The details of these datasets were provided above in
Table 3. Experiments were conducted using several well-known algorithms and the
best obtained results are indicated in bold in Table 5. For the Haberman dataset,
spectral clustering has the best performance compared with the rest. Note that the
purity score of the proposed algorithm was also very close to the score of spectral
clustering. In the case of the Soybean dataset, the proposed algorithm, DBSCAN, and
single linkage outperformed the other algorithms, as shown in Table 3.5. For the Liver
dataset, the proposed algorithm performed the best. However, for the Appendicitis
dataset, spectral clustering again performed better than the other algorithms. For
Hepatitis, Sonar, Spectfheart, and Bands, both the proposed algorithm and DBSCAN
had the best purity scores when compared with the others. Finally, for the last dataset,

Tumor, as can be seen in Table 4.5, the proposed algorithm outperformed the others.

Table 3. 5 Results of the purity metric for each algorithm using the real datasets

Dataset/Algorithm MST_CDC K-Means DBSCAN Single-Linkage Birch S-Clustering
Haberman 0.735 0.510 0.722 0.738 0.732 0.741
Soybean 0.765 0.446 0.765 0.765 0.404 0.404
Liver 0.579 0.547 0.536 0.546 0.533 0.571
Appendicitis 0.801 0.811 0.707 0.792 0.660 0.839
Hepatitis 0.837 0.775 0.837 0.825 0.750 0.800
Sonar 0.533 0.528 0.533 0.528 0.528 0.528
Spectfheart 0.794 0.662 0.794 0.790 0.617 0.790
Bands 0.630 0.575 0.630 0.627 0.531 0.627
Tumor 0.660 0.634 0.522 0.657 0.657 0.657

In conclusion, in this chapter, the proposed algorithm is explained in detail; describing
the conducted experimental study and the steps required to implement the algorithm.
The proposed algorithm attempts to identify the inconsistent edges in MST graph by
using the critical distance methodology. The Euclidian distance is used as the distance
measure between any two vertices in the MST graph. The critical distance is the
maximum distance of the nearest neighbors’ distances in MST graph. It is used as a
threshold to identify inconsistent edges that will be cut from MST graph to obtain the

clustering result. The proposed algorithm is free from any hyper-parameters that need
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to be specified by the user. Two different experimental cases are presented in this
chapter to evaluate the proposed algorithm using synthetic and real datasets. In both
cases, the obtained clustering results using the proposed algorithm are satisfied with
the concept of clustering saying that the distance between any two points within a
cluster should be less than the distance between any two points in different clusters.
Moreover, the proposed algorithm has overall better performance compared with the
most common algorithms (single linkage, DBSCAN, K-means, Birch, and spectral

clustering).



36

CHAPTER 4

EXPERIMENTAL ANALYSIS AND DISCUSSION

To further evaluate the clustering performance of the proposed algorithm, we

performed experimental clustering analysis including 3 different cases and using 6

different datasets carefully chosen for the discussion of cases where the observer needs

to decrease or increase the number of the clusters obtained in accordance with the

purpose of the study or depending on the distribution nature of the dataset. We adopted

the factors proposed in our previous work [16] to prove the flexibility and efficiency

of the proposed algorithm for dealing with such cases. The cases are divided into three

groups as follows:

1.

Cases related to datasets that are free of outliers: In these cases, we evaluate
the performance of our MST-based clustering algorithm on both two and three
dimensional synthetic datasets. Merge factor (MF), ESF . x_oth), ESF(cx-n) >
and ISF ) are used to validate the obtained clusters.

Cases related to merging the closest clusters: In the second set of cases, we
address the requirement of merging some nearest clusters using MF and the
internal strength factor (ISF ¢ ).

Cases associated with the presence of some outlier distances: The
receptivity factor (RF) is used in this case to check whether a dataset has
receptivity to being clustered into several groups or not. Thus, several clusters
can be obtained by removing the outliers from the dataset. For this set of cases,
we also discuss cases that include datasets where the critical distance (A(gata))
is large because of the existence of some outliers, leading to the inclusion of
all objects in the dataset inside one cluster. Lambda (A(gata)) in this case will
be replaced with the Upper Limit Outlier (ULO) or its multiples, known in

statistics as an extremism threshold.

Moreover, One-way ANOVA is also used to analyze the obtained clusters statistically

to investigate the correlation between the distances within each obtained cluster. The

One-way ANOVA function is also used to plot box-and-whisker plots which include
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interquartile ranges, medians, the ranges of the data, and the 95% confidence intervals
for the medians. All of these cases are discussed with figures and statistics in detail in

the next sections.

4.1 Cases Related to datasets that are free of outliers

The results presented in Figures 4.1 and 4.2 show that the experiments for this set
satisfy the clustering concept and the merging of clusters is not necessary. For the
experiment shown in Figure 4.1, MF=0.232 which means that the obtained clusters are
well separated as the obtained MF is less than one and close to zero. As a result, the
necessity for merging is weak in this case. ESF . x_oth), ESF(ck—n), and ISF .y, are
factors proposed in our previous work that can also be used to analyze and evaluate
the clustering result. In the factors’ table in Figure 4.1, cluster number 6 is the most
separated cluster with respect to all others because it has a value of ESF(y_owm) =
0.410. Cluster number 2 has a value of ESFx_ny = 0.168 which means that this
cluster is considered the most separated cluster with respect to the nearest cluster.
However, cluster number 4 can be said to be the least separated cluster with respect to
all others because of its value of ESF(x_om) = 0.211. It also has the lowest
ESF (¢ k-n) value, which is ESF .y _n) = 0.082, and this indicates that this cluster is
considered the least separated cluster with respect to the nearest cluster. Another factor
to evaluate the internal strength of any cluster is ISFy). ISF(cy) evaluates data
coherence inside a cluster with respect to the nearest cluster as presented in Figure 4.2,
where cluster number 2 has a value of [SF ) = 0.043, indicating that this cluster has
the strongest data coherence of all clusters. However, cluster number 6 has a value of
ISF (c1y= 0.216, which indicates the weakness of this cluster regarding data coherence.

The formulas of all the factors used in these cases are as follows:

A
ISFeig = ——=— (4.1),

ne ar_d(c_k_ n_k)

dc ken dee k—
et (42), BSFogeom) = o o (43)

max_da)

ESF(C.k—n) =

max_da)
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Figure 4. 1 Clustering result and factors’ table of 3D synthetic dataset
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Figure 4. 2 Clustering result and factors’ table of 2D synthetic dataset

4.2 Cases Related to Merging the Closest Clusters

The obtained results in these cases entail some clusters that are close to each other that
need to be merged in one cluster. The results of the conducted experiment for these
cases are illustrated in Figure 4.3, which highlights the need for merging nearest
clusters. The merge factor (MF) is utilized as a general indication for the requirement
of merging certain clusters located close to each other for a given dataset. Furthermore,
in order to identify the cluster that has to be merged with its nearest cluster, another
indicator is used to play this rule which is ISF ¢ . For the experiment shown in Figure
4.3, MF=0.825, which is close to one. Thus, this gives a general indication that there
is a need to merge some nearest clusters. At this point, it is necessary to specify the

closest clusters needing to be merged by using ISF ). As shown in Figure 4.3,
ISF (¢ k)= 0.825, which belongs to cluster number 6, and this reveals that cluster number

6 has to be merged with the closest cluster. Note that the minimum distance between

candidate clusters needs to be specified for the merging of the two clusters.
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Figure 4. 3 Clustering result and factors’ table of experiment related to merging closest clusters

4.3 Cases Associated with the Presence of Some Qutlier Distances

On the basis of the MST cut property, clustering algorithms based on MST could be
very beneficial in discovering small clusters that are linked with typical clusters using
long edges, and these small clusters could be treated as outliers. However, cutting
small sets of isolated nodes located within a graph based on MST-based clustering
criteria may leads to a bad cut when there are no outliers existing. Therefore, there
must be a method to check for the existence of outliers. RF together with ANOVA
graphs can be used to indicate whether the dataset contains some outlier distances or
not. The presence of outlier distances either results in including the entire dataset
within one cluster or leads to a result that contains some clusters that are not optimal.
Thus, by comparing both the maximum distance in the nearest neighbor graph and the
maximum distance in the MST graph using RF, if RF=1 it means that the distances are
equal and the dataset does not satisfy with the concept of clustering because of the
presence of some outlier distances in the dataset. To overcome such a problem, two
methods are proposed which are eliminating the outlier distances from dataset and
substituting the lambda value with the upper limit outlier (ULO) as discussed in the

following sections.

4.3.1 Eliminating Outlier distances from the dataset
It is possible to acquire several clusters after removing the outliers from the dataset.
The case shown in Figure 4.4 is an example of a case where the presence of some

outliers results in a large value of critical distance and this leads to the grouping the all
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dataset points in a single cluster. It is clearly seen in Figure 4.4 and from the ANOVA
graph of nearest neighbor distances that the clustering results involve two outliers’
distances, which prevents the establishment of several clusters. However, seven
clusters can be obtained after removing the outliers from the dataset as shown in Figure

4.5.
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Figure 4. 4 Clustering result and ANOV A graph before eliminating outliers from the dataset
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Figure 4. 5 Clustering result and ANOVA graph after eliminating outliers from the dataset

Similarly, in the experiment performed in Figure 4.6, the number of obtained clusters
was two before eliminating the outlier points. The dataset described in Figure 4.6
contained two outlier data points that made the lambda value relatively large, thus,
preventing the algorithm from obtaining more clusters. The coordinates of the outlier
points were (2.091, 2.601) and (2.759, 0.500), respectively, and the number of obtained
clusters became five after eliminating the two outliers. Figure 4.7 shows the obtained
clusters and ANOVA graphs after eliminating the two outlier data points from the

dataset.
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Figure 4.7 Clustering result and ANOVA graph after eliminating the outliers from the dataset

4.3.2 Substituting the Critical Distance Value with ULO

Generally, the proposed algorithm produces a set of clusters that are consistent with
the clustering concept. However, in the process of data clustering, it is seen that the
majority of the real datasets have a random distribution of data points, which makes it
difficult and complicated to get some optimal clusters. It is still possible, though, to
utilize the proposed algorithm to get some clusters even when the value of the critical
distance leads to the grouping of all dataset points into one cluster due to outliers.

Consequently, Agata) (the critical distance ) needs to be replaced by an appropriate

value that enables the obtaining of some clusters. The Upper Limit Outlier (ULO) or
its multiples will be chosen to replace the critical distance value. Note that in statistics
ULO is defined as a threshold that determines the starting point of extremism for a
given dataset. The formula for the ULO is as follows:
ULO = Q3 + 1.5 (IQR) (4.4)

Here, IQR is the interquartile range, computed using the equation: IQR= (Q3-Q1)
where Q3 represents the interquartile range of the 75" percentile and Q1 represents the
interquartile range of the 25™ percentile. As presented on the left side of Figure 4.8, all

of the dataset points are included inside one cluster since critical distance A(gata) 18

large due to outlier existence. To solve this problem, the critical distance has to be

substituted with the ULO using the following formula: A(gatay = 1.5 * ULO. Thus, the

obtained clusters become 3 as shown on the right side of Figure 4.8. The black points
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in the obtained results represent outlier points that are detected by the algorithm after
cutting the MST graph using A(qata)y = 1.5 * ULO as a threshold to cut the MST edges.
Note that any connected components that are below the minimum cluster size, which
is 3, are considered as outliers. Similarly, the last experiment shown in Figure 4.9
denotes a case in which there are some outlier distances existing and the clusters are
homogeneous. We can handle this case either by using A¢gatay = 1.5* ULO as a
threshold to cut the MST edges and obtaining some clusters or eliminating some outlier

data points and obtaining clusters as described in Section 4.3.1.
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Figure 4. 9 Clustering result and ANOV A graph after eliminating outliers from the dataset

In this chapter, an experimental analysis and discussion is performed to evaluate the
clustering performance of the proposed algorithm. Three different cases are discussed
using different datasets that are carefully chosen to test the performance of the
proposed algorithm. The factors proposed in our previous work [16] are also adopted
to prove the flexibility and efficiency of the proposed algorithm. In the first set of cases
where datasets are free of outliers, we evaluate the performance of our MST-based

clustering algorithm on both two and three dimensional synthetic datasets. Merge
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factor (MF), ESF(cx_oth)> ESF(ck—n), and ISF .y, are used to validate the obtained
clusters. In the second set of cases where the obtained results contain clusters that are
close to each other and need to be merged. In this case, we address the requirement of
merging some nearest clusters using MF and the internal strength factor (ISF (ck))- The
last set of cases are associated with the presence of some outlier distances. In this case,
the receptivity factor (RF) is used to check whether a dataset has receptivity to being
clustered into several groups or not. Thus, several clusters can be obtained by
removing the outliers from the dataset. For this set of cases, we also discuss cases that
include datasets where the critical distance (A(gata)) 1s large because of the existence
of some outliers, leading to the inclusion of all objects in the dataset inside one cluster.
Lambda (A(gata)) in this case will be replaced with the Upper Limit Outlier (ULO) or

its multiples, known in statistics as an extremism threshold.
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CHAPTER §

CONCLUSION AND FUTURE WORK

5.1 Conclusion

In all algorithms for MST-based clustering, defining the inconsistent edges is the main
problem that needs to be addressed. Using the critical distance methodology, the
algorithm proposed here attempts to determine the inconsistent edges in the field of
MST-based clustering. The Euclidian distance between vertices of the MST graph is
used as a distance metric. The proposed algorithm is free of any hyper parameters that
would need to be specified by users. It can also deal with cases where a given dataset
contains some outliers. To prove the efficiency of the algorithm, 3 groups of
experiments were implemented and some factors were used to validate and analyze the
obtained clusters. The experimental results conducted on synthetic and real data sets
illustrated that the proposed clustering algorithm has overall better performance
compared with the most common algorithms (single linkage, DBSCAN, K-means,
Birch, and spectral clustering). For example, with the Liver and Tumor datasets, the
proposed algorithm outperforms all other clustering algorithms with clustering

accuracy equal to 0.579 and 0.660 respectively.

The following are the contributions made by this dissertation, as originally highlighted

in Section 1.2.

1. This study proposed a new MST-based clustering algorithm using
inconsistent distance methodology to solve the main issue of MST-based
clustering related to removing the inconsistent edges in the MST graph:
The proposed algorithm is presented in Section 3.1, in detail.

2. The proposed algorithm is able to determine the number of clusters for a
given dataset, regardless of the shape distribution of the data: This
contribution was achieved in Chapter 3, in Sections 3.2.1 and 3.2.2, when the
proposed algorithm was evaluated on 10 synthetic data sets, DS1-DS11, and 9
real-world datasets, DSR1-DSR9. The data sets used for evaluation had
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different characteristics and shapes. The conducted experiments clearly
showed the efficiency of the algorithm in determining the proper number of
clusters for a given dataset.

It has the capability of determining the existence of outlier points and
using several metrics and ANOVA to evaluate the quality of the obtained
data clustering result: The experimental analysis and discussion performed
in Chapter 4 discussed several cases of how the proposed algorithm was able
to deal with the existence of outliers.

It is flexible, easy to understand and implement, simple, and does not need
to determine any parameters in advance: The Pseudo code presented in
Chapter 3, Section 3.1, described the implementation simplicity of the
algorithm.

The algorithm is capable of detecting clusters with irregular boundaries
that have different sizes and different densities: The proposed algorithm
was evaluated using 10 synthetic data sets, DS1-DS11, and 9 real-world
datasets, DSR1-DSR09, as described in Chapter 3, in Sections 3.2.1 and 3.2.2.
The data sets used for evaluation had different characteristics and shapes.

The algorithm is stable, and the order of the dataset points has no impact
on the final results: The methodology explained in Chapter 3 proved the
stability of the proposed algorithm.

Future Work

As future work, more experimental analysis will be conducted using different

evaluation metrics to analyze the obtained results. Moreover, a comprehensive

comparative analysis will be performed using other data clustering algorithms.

Another future aim is to promote the computational efficiency of the proposed

algorithm. Thus, time complexity is a restriction of the present work that needs to be

considered in the future. The proposed algorithm needs O(N2), which is quite

acceptable. The bottleneck lies in calculating minimax distances (constructing the

MST graph). However, there is some research in the literature that has been conducted

with the aim of developing a faster MST algorithm that we might consider adopting in

the future to improve the time complexity of our algorithm. We will also try to expand
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the current research to make use of the density of each object in the dataset and
combine it with distances between each object to produce more robust clustering
results. Thus, cutting the MST graph will depend on not only the distances between
the objects, but also the density of each object in the dataset.
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Appendix A — Distance Metrics

In this appendix, some of the commonly used metrics in data clustering, are explained,
which comprise the Mahalanobis distance, the Cosine distance, and the Minkowski

distance.

Mahalanobis distance: Mahalanobis metric eliminates the distance distortion that is
produced by the linear combinations of the data attributes. The formula of this metric

is defined as shown below:

dnan(X,Y) = V(X = V)IX =1)T,
Here, ) represents the covariance matrix of the dataset. If Y = Identity, then the
Mabhalanobis distance will be the same as the Euclidean distance. The Mahalanobis
distance is invariant under nonsingular transformation, which is an important property
of this metric. Depending on the number of objects that are in the dataset, it may suffer

from the high computation required to determine the covariance matrix [99].

Cosine distance: In the case of the Cosine distance, the distance between two vectors
is calculated using the cosine of the angle between two vectors. The formula for this

metric can be defined as shown below [99, 100]:
XY
IXIyr
Here, | . | is the (2-norm) and X.Y is the dot product.

dcos (X, Y) =

Minkowski distance: A Minkowski distance or metric is utilized to measure the
similarity or dissimilarity between two objects, X and Y, in a dataset. This general

metric is defined as shown below (p-norm):
d 1/p
dp(XY) = (lei —)’i|P> p 21
1=1

Here, d is the dimension of the X (x1,X2,....xd) and Y (y1,y2.....yd) objects. Hence, when
p = 2 (2-norm), the metric d, is called the Euclidean distance. While, when p =1 (1-

norm), then dp is called the Manhattan distance or city the block distance, which
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represents the shortest path between X and Y, where each segment of the path is
parallel to a coordinate axis. It is called the maximum distance when p = o (c0-norm),
where the distance between X and Y corresponds to the maximum distance between

the projections of X and Y onto each of the d coordinate axes [100].
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Appendix B — Common MST Algorithms

For a given graph that is both weighted and undirected, the MST represents a tree that
extends across the graph and then minimizes the cumulative weight of the edges that
are in the tree. In the appendix herein, first, the spanning tree and MSTs will be
described precisely, and then the two sequential algorithms (Kruskal and Prim
algorithms) and one parallel algorithm (Boruvka algorithm) that will be used to
construct the MST will be explained. These algorithms all utilize a cutting property
that is essential, which will also be defined.

MST definition: If we want to find a subset of edges which form a tree using a given
connected and undirected graph, while at the same time, ‘touching” all of the vertices
of the graph. This kind of tree is known as a spanning tree. Although a graph might
comprise a number of spanning trees, they will all have [V]| - 1 edges and |V| vertices

[101].

Cc C C

Figure B.1 Two possible spanning trees on the right and a graph on the left [101]

The basic way to create a spanning tree is to conduct a graph search. In the DFStree of
a DFS, a spanning tree is formed by the path from a given source to all of the vertices.
Similarly, by adding each of the edges that leads to an unvisited vertex to the tree being
discovered, it is possible to build a spanning tree that is based on BFS. Thus, to
construct spanning trees, BFS and DFS are considered as work-efficient methods.
However, they are not good parallel algorithms, as was mentioned previously. Another
method that can be used to create a spanning tree is the utilization of graph contraction,
which can be performed in parallel. The aim throughout the algorithm is to make use
of star contraction and then add all of the edges that were selected to define the stars

on the spanning tree. It should be noted here that there will be numerous spanning trees
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for each graph. For weighted graphs, the interest lies in obtaining a spanning tree that

has the minimum total weight, that is, the summed weights of its edges [101].

Figure B.2 Weighted graph on the left and its spanning trees on the right [101]
Algorithms for Minimum Spanning Trees

There are several algorithms that are available for use in the creation of MSTs.
However, all of them are based on a common underlying property, i.e. the light-edge,
as cuts in a given graph. This property instinctively states that if the graph given is
divided into two parts, then the minimum edge that is between these two divided parts
must be in the MST. Therefore, the light-edge allows for the algorithmic identification
of the edges of a MST. Furthermore, the light-edge possesses an important implication,
where any edge that crosses a cut and has a minimum weight can be added up directly
to the MST [101]. In fact, the Kruskal and Prim algorithms, which will be discussed
in this appendix, will indeed take advantage of this. As an example, the Kruskal
algorithm greedily builds the MST as a result of adding the overall minimum edge. On
the other hand, through consideration of a cut between the current MST and the rest of
the graph, the Prim algorithm can incrementally grow an MST. The Kruskal and Prim

algorithms will be briefly reviewed in the next section.
Kruskal Algorithm:

The key idea behind the Kruskal algorithm is to sort the edges depending on their
weight. Then, we begin to take edges on the basis of the lowest weight, one-by-one.
In a situation where we take an edge, and if this edge forms a cycle, then this edge will
not be included in the MST. The edge of this MST will otherwise be included in the

tree. The challenge here is to easily identify the cycles. To achieve that, a different
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type of data structure can be used, such as the disjoint-set data structure. This kind of
data structure helps us to easily combine two nodes into a single component. It also
enables us to quickly check whether the two nodes have previously been merged
together. Consequently, before adding an edge, we need to first check if both ends of
the edge have been combined previously. If so, the edge will not be included in the
MST. Otherwise, the edge needs to be added to the MST, and then both of the nodes

need to be merged together into the disjoint-set data structure [102].

Data: edges: List of edges of the graph
Result: Returns the cost and the edges of the MST
sort (edges);
totalCost + 0;
for edge € edges do
if - dsu.isMerged (edge.u, edge.v) then
totalCost + totalCost + edge.weight;
mst.add (edge);
dsu.merge (edge.u, edge.v);
end
end
return totalCost, mst;

Figure B.3 Kruskal algorithm [102]

First, we sort the list of edges according to their weight in ascending order. Second,
we iterate over all of the edges. We check each edges to determine whether its ends
had previously been merged. If so, this edge will be ignored. Otherwise, the total cost
of the MST will be increased and this edge will be added to the resulting MST. In the
disjoint-set data structure, we also combine both of the ends of this edge. Finally, we
only return the taken edges and the total cost of the calculated MST. O(E . log(V)) is
the complexity of the Kruskal algorithm, where V is the number of vertices inside of
the graph and E is the number of edges. The cause for this complexity is the result of

the cost of sorting [102, 103].
Prim Algorithm:

The Prim algorithm is essentially an updated version of the Dijkstra algorithm. We
first choose to start with a node and then add all of the neighbors of this node to a
priority queue. After that, several steps are performed. In each step, utilizing the edge

with the lowest weight, we extract the node that we were able to reach. Thus, the
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priority queue must include the node and the weight of the edge that enabled us to
reach this node. Moreover, based on the passed weight, the nodes that are inside of it
must also be sorted. For every extracted node, we apply it to the resulting MST and
change the total cost of the MST. Furthermore, we add all of the neighbors for each of
the extracted nodes to the queue as well. We should ensure that each of the nodes will
only appear once in the queue, so as to achieve a better complexity. We may, for
instance, use the addOrUpdate function, which takes the edge that led us to this node
and the node with the weight. If the node is already inside of the queue, and the new
weight is greater than the one that was saved, the function will delete the old node and
only add the new one. Otherwise, it simply adds it along with the given weight when

the node is not in the queue [103].

Data: G: The given graph
source: The node to start from
Result: Returns the cost of the MST
totalCost + 0;
included + {false };
Q.add0rUpdate (source, 0, ®);
while = Q.empty () do
u + Q.getNodeWithLowestWeight ();
totalCost + totalCost + u.weight;
if u.edge # ¢ then
mst.add (u.edge):
end
included|u.node| + true;
for v € G.neighbors (u.node) do
if —included|v.node| then
Q.add0rUpdate (v.node, weight (u.node, v.node),
v.edge);
end
end
end
return totalCost, mst;

Figure B.4 Prim algorithm [103]

At the beginning, we add the source node to the queue without an edge and with a zero
weight. The @ symbol is used here to refer that we stored an empty value. In addition,
to zero, we initialize the overall cost and denote all of the nodes as not yet being
involved in the MST. Then, several steps are performed. The node that has the lowest
weight is deleted from the queue, in each step. For each of the nodes that is removed,
the weight of the extracted edge raises the costs of the MST. Furthermore, in the case
of the edge of the node extracted, we add it to the resulting MST. We iterate over the

neighbors after we finish handling the node that was extracted. We use the function
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addOrUpdate in the case where the neighbor has not yet been included in the resulting
MST, in order to add this neighbor to the queue. Furthermore, we add the edge itself,
in addition to the weight of the edge. O(E+V. log(V)) is the complexity of the Prim
algorithm, where V is the number of vertices inside of the graph and E is the number

of edges [103, 104].
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Appendix C — Data Preparation

Dealing with missing values
In a matrix notation, the collected data can be interpreted using two modes. Therefore,
the missing values could be in columns or records. In columns, we delete the column
if most of data are missing. In records, we delete the record if the majority of the data
are missing. On the other hand, if the values that are missing in the data are not very
high, then these missing values need to substituted, as shown below:

1. Substitute the mission values with the average value of all of the column data,

which this is performed before running clustering algorithms.

2. Using a clustering algorithm before substituting with the average value:

a. Identify the column (variable) that is closest to the column which has
the missing values. Then replace these missing values with the average
value of the column that is most similar.

b. Construct clusters that are dependent on all of the variables, then
replace the missing values by taking the average value of the objects

belonging to the same cluster.
Normalization

Dataset attributes can be obtained from various scales. Hence, the attributes with large
scales may cause a bias. Therefore, we need to normalize the data, such that all of the
dataset attributes of the dataset would be in the same scale. Furthermore, various types,
such as ordinal, nominal, interval, categorical, or ratio, may also be used to describe
the objects in the dataset. These objects can be clustered into different approaches.
Converting the attributes of different types into attributes of the same type is one of

these approaches [104].

Sampling

Sampling can be utilized to select a portion of large datasets because it is too costly

and time consuming to process the full dataset. The simplest method of sampling can
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be done randomly. However, to do more effective sampling, it should approximately

reflect the same characteristics as the original dataset [105].
Dimensionality reduction

A significant amount of memory and time is needed to analyze a high-dimensional
dataset. Dimensionality reduction methods can be classified into two major types:
feature selection and feature transformation. In the feature selection method, a subset
of meaningful dimensions is selected from the original high dimensions of the entire
dataset. In the feature transformation method, the original high-dimensional space is

either non-linearly or linearly projected into a low-dimensional space [105].
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Appendix D — Outliers

Any observation in a given dataset that is inconsistent with the rest of the observations
is called an outlier. Outliers are sometimes caused by discordant values, the name of
contaminants, rogue observations, or by spurious. The outlier is inconsistent in the
context that the possible future behavior of datasets coming from the same source is
not indicative. Outliers were also described by Moore and McCabe [106] as an

observation that exists beyond the overall pattern that a distribution possesses.

Causes of Outliers: Several different causes can allow outliers to arise. In 1960,
Anscombe classified outliers into two main categories, as outliers that were created by
the inherent variability of the data, and outliers that were caused by errors in the data
[107]. Barnett & Lewis [108] stated that not all of the illegitimate scores will show up
as outliers, and not all of the outliers will be illegitimate contaminants. Therefore, for
a given dataset, it is essential to consider the range of causes that may be responsible
for the existence of the outliers. Whenever we encounter outliers in a given dataset,
the ideal way to tackle them is to realize the reason for their existence. Thus, based on
the reason of their occurrence, we can specify the most suitable method to deal with
them. Moreover, other causes for the existence of outliers can be categorized as
experimental error, data processing error, data entry errors, measurement error,

intentional outlier or motivated miss-reporting, and sampling error [109].

Data entry errors: Outliers in data may be caused as the result of errors related to
humans, including errors that are caused during data recording, entry, or collection.
Commonly, correction of these types of errors can be performed through referring to
the original subjects or, if necessary, even the documents, and then correcting the
incorrect value. Recalculation or re-estimation of the correct answer is also another

choice that is available.

Measurement error: This kind of errors is the most public source of outliers. This is
produced when the utilized measurement mechanism turns out to be faulty. For
instance: there are 5 weighing machines; one is faulty and the other four are correct.

Thus, the weight calculated by those on the faulty machine will be lower/higher than
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those of the rest in the group. The weights calculated by the faulty machine can

produce outliers.

Experimental error: Experimental error is another reason for outliers. For instance:
a runner missed out on focusing on the ‘Go’ call, which caused him to start late in a
100-m sprint comprising 7 runners. Therefore, the runner has a run time that is more

than that of the other runners. He will be an outlier for his total run time.

Intentional outlier or motivated miss-reporting: This is usually seen in self-reported
measures that contain sensitive data. For instance: teens usually under record the
amount of alcohol that they drink. The actual value is only reported by a fraction of
them. Here, since most of the teenagers are under reporting their alcohol consumption,

the actual values may look like outliers.

Data processing error: Usually, we extract data from several sources each time we
perform data mining. However, some extraction or manipulation errors may lead to

the existence of outliers in the dataset.

Sampling error: For instance, the height of an athlete needs to be measured.
Mistakenly, a few basketball players are included in the sample. This inclusion in the

dataset is would potentially cause the existence of outliers.
Types of Outliers

In the following three groups, the types of outliers are classified as: point,

contextual, and collective outliers [110].
Point Outliers

The instance is called a point outlier in a given dataset if it can be considered irregular
in comparison to the rest of instances that are in the dataset. Outliers such as this have
been the focus of the majority of the outlier detection research. It is considered the
simplest type of outlier. If we consider the identification of credit card fraud as a real-
life case study, if we use the credit card transaction dataset of an individual and assume
that the data definition possesses only one feature, which is the amount that was spent.

For a transaction where a person has spent a very high amount compared with the
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normal range of expenditure, this instance is considered as a point outlier [110]. In
Figure D.1 the point that is marked as O1 and the point that is marked as O2 deviate
significantly from the labeled regions, G1 and G2.
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Figure D.1 Example of two-dimensional outliers [109]
Contextual Outliers

A contextual outlier exists in a given dataset if there is an instance that is described as
anomalous in a particular context. The definition of such a context is determined
depending on the structure of the data set and it has to be defined as being a part of the
problem formulation. Two sets of attributes are used to define each data instance,

comprising behavioral attributes and contextual attributes [110].

e Behavioral attributes: The non-contextual characteristics of an instance
in a given dataset is defined by the behavioral attributes. The amount of
rainfall at any location is an example of a behavioral attribute, using a
spatial data set, which describes the average global rainfall of the whole
world. The anomalous behavior is determined in a specific context using
the values of the behavioral attribute. In a given context, a data instance
might be a contextual outlier, but in a different context, an identical data
instance (in terms of behavioral attributes) could be considered normal.

This property is important when it comes to identifying behavioral and
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contextual attributes. For instance, in the detection of credit card fraud
using the time of purchase as a contextual attribute. Suppose that a person
that usually has a $100 weekly shopping bill, excluding the week of
Christmas holiday, when it might reach as much as $1000. Hence, a new
$1000 purchase in one week in July is then considered as a contextual
outlier, because in the context of time, it does not comply with the normal
behavior of the person (while they are considered to spend the same amount
during the week of Christmas holiday). The importance of contextual
outliers in the target application domain determines the choice of applying
the contextual outlier detection technique. If the contextual attributes are
readily available and defining a context is straightforward, then applying a
detection technique for contextual outliers makes sense. However, if
defining a context is not easy, it becomes difficult to apply such techniques
[110, 111].

o Contextual attributes: To define the neighborhood (or context) of an
instance in a given dataset, the contextual attributes are utilized for this
purpose. For instance, the contextual attributes in a spatial dataset are the
latitude and longitude of the location. The contextual attribute in a time
series type of dataset is the time, which defines the position of an instance

on the entire sequence [109, 110].

In the figure below, the points labeled t1 and t2 represent the same temperature value.

Here, point t1 is not considered as an outlier, while point t2 is considered as an outlier.

Temperature

Time

Figure D.2 Example of contextual outlier [110]
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Collective Outliers

If there is an anomaly in a collection of related data instances with respect to the
whole dataset, it is called a collective outlier. In a collective outlier, the individual data
instances may not be outliers by themselves; however, the anomalous exists in the
context of their occurrence together as a collection. It may be noted that the successive
occurrence of a low value for a long time is also considered as an outlier, while a low
value by itself is not considered as an outlier. It should be also noted that collective
outliers can only occur in datasets in which the data instances are related, while point
outliers may occur in any dataset. The occurrence of contextual outliers in a given
dataset, however, depends on the availability of the context attributes. A collective
outlier or a point outlier can also be a contextual outlier, if examined with respect to a
context. Thus, a collective outlier detection problem or a point outlier detection
problem can be converted to a detection problem of a contextual outlier by integrating

the context information [109, 110].

Figure D.3 shows an example of a human electrocardiogram signal output. The
highlighted area (in red) refers to the existence of an outlier, because for an abnormally
long time, the signal has had the same low value (corresponding to an atrial premature
contraction). It may be noted that the successive occurrence of low values for a long

time is an outlier, while the low value by itself is not an outlier.

i i i i i
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Figure D.3 Human ECG output showing a collective outlier corresponding to an atrial premature

contraction [110]
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Effects of Outliers

The results of the statistical and modeling data analysis can be drastically changed by

the outliers. In a given data set, there are several negative impacts of outliers:

e [t decreases the power of statistical tests and increases the error variance.

e Outliers can decrease normality if they are non-randomly distributed.

e Outliers can also influence the basic assumption of ANOVA, regression,
and the assumptions of other statistical models.

e The standard deviation is also increased by the effects of outliers.
Common Outlier Detection Methods

Most of the outlier detection methods existing in the literature solve a particular issue,
which is affected by several aspects, such as the type of outlier to be detected,
availability of the labeled data, and the nature of the data. Often, the application
domain in which the outliers need to be identified define these aspects. The Tukey
method was utilized in this research as a labeling outlier detection technique. Some of

the most common outlier labeling approaches will be explained in the next sections.
Z-Scores

The Z-score, or standard score, is a method of labelling a data point based on its
relationship to the standard deviation and mean of a set of points. The Z-score of an

observation is described as in the following formula:

where sd is the standard deviation and Xi ~ N (u, 02).

The aim of taking Z-scores is to remove the scale and location effects of the data, so
that multiple datasets can be directly compared with each other. Moreover, the concept
behind the Z-score as an outlier detection method is that, once the data is rescaled and
centered, anything that is too far from zero would be marked as an outlier (typically

the threshold is a Z-score of —3 or 3) [112, 113].
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The Tukey Method (Boxplot)

The Boxplot or Tukey method was proposed by Tukey et al. (2004), and is one of the
graphical techniques that is utilized most commonly for analyzing a univariate data
set. This graphical tool is simple and easy to use for displaying information related
continuous univariate data, such as upper quartile, lower quartile, the median, upper
extreme, and lower extreme of a given data set. In order to find outliers using this
method, the interquartile range is utilized to filter out very small or very large numbers

[112]. The formulas are as follows:

High outliers = Q1 + 1.5 * Q3—-Q1, Low outliers = Q1-1.5 * Q3-Q1

OR

High outliers =Q1 + 1.5 * IQR, Low outliers = Q1-1.5 * IQR,

where IQR is the interquartile range, Q1 is the first quartile, and Q3 is the third quartile,

Two values or ‘fences’ are given using these equations. Thus, a fence is used to cordon
off the outlier values from all of the values that are found in the bulk of the given data.

The phases for detecting the outliers using the IQR are given as follows:

e Phase I: Find the median and IQR.

e Phase 2: Find Q1 and Q3. QI represents the median in the lower half of the
data. While, Q3 represents the median for the upper half of the data. In
order to get the IOR, we need to subtract Q1 from Q3.

e Phase 3: In order to get the lower fence, we need to calculate 1.5 * IQR and
subtract it from Q1.

e Phase 4: Similarly, to get the upper fences, we need to calculate 1.5 * IOR
and add it to Q3.

e Phase 5: The last step is to add the fences to the data to identify the outliers.
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Figure D.4 Standard graph showing the median, quartiles, and outliers [112]

For a given dataset {0, 1, 2,4, 5, 5,7, 10, 10, 12, 13, 17, 39}, the boxplot looks like

this:

Here,

Whisker Whisker Oiitlier

______________ o

| | | | |
0 10 20 30 40

Figure D.5 Example of boxplot for a given dataset [112]

The region between Q1 and Q3 is shown in the box from 3 to 12.5.

The median is the line going through the middle of the box at 7.

The whiskers are the lines going out beyond the ends of the box. They
determine the range of values that are not considered as outliers.

17 is the biggest value before the upper limit of 26.75 is hit. Thus, 17
represents the upper whisker. While, the lower whisker goes to the lowest
value.

An outlier is shown as an individual dot at 39.

The furthest outliers on both sides are the minimum and maximum.

On a side in the box, if no outliers exist, the end of the whisker is that
maximum or minimum.

We can also compare the distributions of two samples using boxplots. The
heights of adult women and men are shown in Figure D.6 below, as an

example.
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Heights of Women and Men
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Figure D.6 Comparing the distributions of two samples using boxplots [112]

As shown in Figure D.6, there is some overlap between the two
distributions. It is also noted that men are taller than women in general.
However, the variance of the men and women is about the same. Thus, both

distributions appear to be symmetrical.



